A theory for waves of finite height, presented in this paper, is an exact theory, to any order for which it is extended. The theory is represented by a summation liarmdnic series, each term of which is in an unexpanded form. The terms of the series when expanded result in an approximation of the exact theory, and this approximation is identical to Stokes' wave theory extended to the same order. The theory represents irrotational -divergenceless flow. The procedure is to select the form of equations for the coordinates of the particles in anticipation of later operations to be performed in the evaluation of the coefficients of the series. The horizontal and vertical components of these coordinates are given respectively by the following;
x and Z are the coordinates; k = 2jr/L, wave number; AQ= H/2, half wave height; C = L/T, wave celerity and t is time*.* iis a parameter related to the undisturbed mean water depth, d. The constant term kz 0 = k (jt -d); £ and f) are the horizontal and vertical displacements of the water particles from their respective position of no motion, a = a , a", a , etc., coefficients of the series as N «= 1, 2, 3, etc. to N = M. From the above equations it is possible to deduce the expressions for velocity potential and stream function. The horizontal and vertical components of particle velocity are obtained by differentiating £ and ^with respect to time. Along the free surface z -1 ? !a 0 and z = V s and all expressions reduce to simple forms, which in turn saves considerable work in the evaluation of the coefficients. The coefficients are evaluated by use of Bernoulli's equation. The final form of the solution is given by two sets of equations. One set of equations (same as above) is used to compute the particle position and the second set (the first time derivatives of the above) is used to compute the components of particle velocity at the particle position. That is, the particles and velocities are referenced to the lines of the stream function and the velocity potential. Expanding the two sets of equations, by approximation methods, results in one set of equation for computing particle velocity and no equations are required for the particle position.The unexpanded form requiring two sets of equations, *Hydraulic Engineer, Beach Erosion Board, U. S. Army Corps of Engineers ** See Appendix for Symbols, p 182
INTRODUCTION
Since 1847 when Stokes first presented his classical work on the theory of oscillatory waves, a number of authors have contributed to this fascinating subject. The reference list, which may not necessarily be complete, is given at the end of this paper. Except for the fact that the various developments given in these references entail certain difficulties and in some cases minor errors, no further discussions will be made thereof.
There is much to be discussed in the present paper and the usual formality of elementaries will be minimized. The inertia of the air and the atmospheric pressure along the wave surface can be neglectedj i.e. these quantities are zero with respect to themselves, and the pressure within the fluid is assumed equal in all directions. There is to be no flow across the boundaries, the sea bed being rigid, flat, and impermeable, and the fluid is inviscid. The waves are long crests and x , z, t represent the two dimensional coordinates with respect to time, x is the horizontal direction measured from the crest, positive in the direction of wave propogation. z is the vertical coordinate measured negative below and positive above the undisturbed water elevation. The undisturbed water elevation is the mean water depth, and is that level the water seeks when all wave motion is absent. Finally the flow is irrotational, and since divergenceless, is Laplaci&n.
The equations by which the motion is described are as follows* ".,".,#_+, {( i±)' + (£. Where <f> is the velocity potential, g acceleration of gravity; P density of fluid} and p the pressure.
The first equation is the usual equation of hydrodynamics, the second specifies irrotational flow, the third specifies no flow across the sea bed, and the fourth specifies no flow across the free wave surface.
Coordinates
The coordinates of the particles of water can be represented by a set of equations around which a theory can be developed. If the equations are selected in anticipation of later operations to be performed, then one might be able to minimize the work envolved. In the presence of wave motion the horizontal and vertical displacements 
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Horizontal and Vertical Components of Particle Velocity
The horizontal and vertical components of particle velocity may be obtained respectively from:
c " c a t ax " dz Where d) and ty are the velocity potential and the stream function respectively. It is seen from Equations 10 and 11 together with Equations 12 and 13 that the velocity potential and stream function except for arbitrary constants will have the following forms: 
The above proof is more easily verified by performing the above operation on the equations given in the next section (Table I , for example).
Power Series Equations for Particle Velocity
In the development following it will be convenient to use
and Thus equations 25 and 27 can be used to obtain all terms from the first order to the Mth order respectively for u/C and w/C Bernoulli's Equation
The problem of wave motion can be reduced to one of steady state by superimposing a steady current on the wave motion equal to the wave celerity but of opposite direction. This operation, known as the Hayleigh principle, leads to Bernoulli's equation applicable along the free surface, where it is assumed that everywhere along the free surface the pressure is constant or is zero with respect to atmospheric pressure, whence
where the subscript s refers to the conditions at the free surface, Equation 28 can be written as follows: It will be seen that a general expression can be written for B , having the following pt>wftT series equation: For example, the 8th order terms will have the following combinationsof (r,s) = (8,0); (6,2)} (4,4); (2,6); and (0,8) 
In the above, the first subscript refers to the terms corresponding with identical (kA )^ Cos J0, J being the general term. The second subscript refers* to the order. For example, B is the fifth order term for Cos 0 ' , and B g _ is the fifth order term for Cos 5 0 ' R is a constant and represents the sum of the remainder terms for which no Cos N 0 exists.
Procedure for the Evaluation of Coefficients
The coefficients a , a , a ...... a must be evaluated such that the surface boundary conditions are satisfied. The surface profile elevation with respect to the undisturbed water level is given by Equation 6. The procedure is to expand each of" the^individual equations and then equate to zero like terms of (KA ) . It will be convenient to present the higher order terms of the A's and the F 's in terms including the B's terms and the lower order term of A's and F's. Using Equations 41 (and also those of Equation 39) the results are summarized in Table III . Thus all expressions presented (Tables I, II , and III) can be carried to as high an order as required, with no difficulty whatsoever. These relations are convenient working parameters for the actual solution to a particular order.
Example: Fifth Order Solution
In order to continue the solution to any particular order, it is necessary to express the B -terms in terms of a , using Equations 32 and 33 and equations 34 anct 35 (Table II) . It will be seen from Table II that there will be cross product terms involving CosNO' and Sin N9' and it will be necessary to replace these cross product terms using trigonometric identities. For example, the fifth order solution will require the terms of U , U , u , U W , etc. be determined. Using trigonometric identitiei thlse tlrms Including all orders from one to five are as follows:
159 The undisturbed mean water depth is obtained by use of Bquations 5, 6, and 7, in which cos Nk (X -£ ) and sin Nk (X -£ ) are represented by sums of two products each respectively as follows: •I-a 6 X 5 (kA 0 ) 5 sin 5kx
In the above equations X N = --, .,, * 
Procedure for Computation
The first operation to be performed is the evaluation of the coefficients a , for example, the fifth order solution as outlined in Table V . This is done by selecting H, ji , and L, and perform computations to obtain the required a coefficients, water depth d and wave period T. These evaluations are then used to obtain expressions for the surface profile and the velocity potential. The next step is to select k(x -£) and k(z -17), coordinates of the undisturbed particle positions, and from equations 3 and 4 compute kx and kz the coordinates of the particles. The surface profile is given for z -17= 0.
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'dz ' andC 'dz> respectively by use of equations 20, 21, 64, 65, 66, 67, 68, and 69.
The horizontal and vertical components of u,w,-gy ond -gy-are then obtained respectively using equations (24, 25), (26, 27) , (56, 58, 60, 61) and (57, 59, 62, 63) .
Transformation of equations to the form of Stokes'
The previous development resulted in equations in an unexpanded form. These equations can be expanded, using suitable approximations, and it will be shown that the expanded forms are identical to those obtained as outlined in Stokes' solution. The procedure is to expand the following identities. -?-=W-2WU <76>
To the second order the expanded forms of U and W (equations 20 and 21) become:
The first order solution for k£and k 17 for substitution in the above are obtained from equations 1 and 2, respectively as follows:
Substituting equations 79 and 80 into equations 77 and 78 one obtains the following: Substituting equations 81 and 82 into equations 75 and 76, one obtains: The procedure applied to the second order solution has been extended to the fifth order, using also the expanded relationship of tanh Nk/ . The results of this expansion leads to the following relations for the coefficients: 
Loss of Accuracy in the Expanded Porm
When the exact solution of the wave problem to a particular Mth order is expanded to obtain the Stokes' solution to the same Mth order there will be a loss of accuracy. The greatest errors will be with the higher order terms. The first term will have minimum error. The reason for the errors arises from the fact that the coefficients a of the series (either the expanded or the unexpanded form) are evaluated on the basis of the unexpandec form. The above statement appears somewhat difficult to understand if one inadvertently considers Stokes' solution to be in an exact form to the Mth order. If this is the case, then Stokes' form must be expanded along the free surface (which results in the unexpanded form) prior to substitution into Bernoullis' equation. This operation results in an evaluation of the corresponding coefficients based on the unexpanded form, but are then applied incorrectly to the Stokes' or the expanded form. It then follows that the error in the Mth term of Stokes' solution will be in proportion to:
Along the free surface the error will be cosh Mk (d +%) cosh Mkd and along the sea bottom there will be no error since the above ratio reduces to unity.
If one considers the last term of the third order wave theory, M <= 3, and for example, the wave H = 35 ft., T = 12 sec. and d = 85 ft., then one obtains L = 581 feet, 1) « 22.1 feet at the crest and 17 -H = -12.9 feet at the trough and from ?he above ratio:
cosh Mk (d +%) " je^ = cosh Mkd 7.869 and y- § § §-= 665 at the trough
The deviations of the above ratio from unity reflects considerable error. For the unexpanded form the above ratio is always unity.
For the M-l or next to the last term of the Mth order, the percent error will be less since the expansion of this term for Stokes' solution will be cosh f(M-l) k (d +1 In view of the above considerations it appears that the use of Stokes* higher order solutions should be limited to low wave steepness, i.e.
1 ? small compared with d. s
With the aid of electronic computors, the unexpanded form given in the present paper can be utilized easily for computing wave properties and thereby obtain greater accuracy theoretically than by utilizing Stokes' equations.
SUMMARY AND CONCLUSIONS
A theory for waves of finite height, presented in this paper is an exact theory, to any order for which it is extended. Two sets of equations are given in an unexpanded form, when upon expansion represents an approximation to the exact theory, and this approximation is identical to Stokes' theory extended to the same order. The waves are irrotational.
Consecutive order of equations are given which can be used, either by the long hand method of computation or by use of high speed computors for computing the wave properties. These equations have been worked out to the fifth order, both in the exact form and also the approximation or Stokes* form. 
